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Abstract
The formulation of relativistic hydrodynamics for massive particles with spin 1/2 is shortly reviewed. The proposed
framework is based on the Wigner function treated in a semi-classical approximation or, alternatively, on a classical
treatment of spin 1/2. Several theoretical issues regarding the choice of the energy-momentum and spin tensors used to
construct the hydrodynamic framework with spin are discussed in parallel.
Keywords:
1. Introduction
Non-central heavy-ion collisions make it possible that large amount of the initial orbital angular mo-
mentum is transferred to produced systems. Some part of such an angular momentum can be subsequently
shifted from the orbital part to the spin part. The latter can be reflected in the spin polarization of produced
hadrons such as Λ and Λ¯ hyperons [1, 2, 3, 4, 5]. The spin polarization of Λ’s and Λ¯’s has been indeed
measured by the STAR Collaboration at BNL [6, 7] and the data shows global, out-of-plane polarization,
which reminds us of the Einstein – de Haas and Barnett effects [8, 9].
The phenomenon of global polarization has been successfully explained by the hydrodynamic models,
which directly identify spin polarization effects with the so-called thermal vorticity [10]. The latter is defined
by the rank-two antisymmetric tensor̟µν = −
1
2
(∂µβν−∂νβµ), where βµ is the ratio of the hydrodynamicflow
uµ and local temperature T , βµ = uµ/T [11, 12, 13]. There exist, however, problems regarding description
of the longitudinal polarization, since a theoretically predicted longitudinal polarization of Λ’s [14] has an
opposite sign of the dependence on the azimuthal angle of emitted particles, as compared to the data [15].
Using general thermodynamic arguments one can argue that there are situations where the spin polar-
ization effects (quantified by the tensor ωµν, dubbed below the spin polarization tensor) are independent of
the thermal vorticity ̟µν [16]. Associated with this generalization is an extension of the concept of local
thermodynamic equilibrium (where ωµν = ̟µν) to a local spin-thermodynamic equilibrium (where we al-
low for ωµν , ̟µν). This idea was originally proposed in Ref. [17] and developed in Refs. [18, 19, 20] (see
the recent review [21] and related works [22, 23, 24]). Within this approach, the space-time evolution of
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polarization is determined by the conservation law for total angular momentum — for particles with spin,
the latter turns out to have a non-trivial form.
Incorporation of spin polarization into the hydrodynamic framework is an interesting challenge, as the
present works say little about the changes of the spin polarization during the heavy-ion collision process.
As the fluid dynamics represents now the basic element of heavy-ion models (for recent developments see
[25, 26]), it is even more demanding to have spin effects included into the hydrodynamic picture of heavy-
ion collisions. So far, relatively little work has been done in this direction, although the studies of fluids
with spin have a rather long history that started in 1940s [27, 28, 29].
2. Local spin-thermodynamic equilibrium
The local spin-thermodynamic equilibrium is described, besides the standard hydrodynamic quantities
such as temperature T (x), flow four-vector uµ(x), and chemical potential µ(x) = ξ(x)T (x), by the spin
chemical potential Ωµν(x) = ωµν(x)T (x) [16]. One uses these quantities to construct the density operator
ρ̂LEQ and to obtain the expectation values of the energy-momentum tensor T
µν, the spin tensor S µ,λν, and the
baryon current jµ:
T µν = tr
(̂
ρLEQ T̂
µν
)
, S µ,λν = tr
(̂
ρLEQ Ŝ
µ,λν
)
, jµ = tr
(̂
ρLEQ ĵ
µ
)
. (1)
In this way we obtain constitutive equations:
T µν = T µν[β, ω, ξ], S µ,λν = S µ,λν[β, ω, ξ], jµ = jµ[β, ω, ξ]. (2)
With dissipation effects neglected, one can assume that the density operator ρ̂LEQ is constant, which leads to
the following equations:
∂µT
µν = 0, ∂λS
λ,µν = T νµ − T µν, ∂µ j
µ = 0. (3)
These are eleven equations for eleven unknown functions (temperature, three independent components of the
fluid four-velocity, chemical potential, and six independent components of the tensor ωµν, which becomes
now a new hydrodynamic quantity). We note that in general only the total angular momentum is conserved,
which leads to the middle equation in (3).
3. Semiclassical kinetic equation
Combining the concepts presented in [30] with the idea of spin-thermodynamic equilibrium, one can
introduce equilibriumWigner functions. Using a semi-classical formalism worked out in [31], we write
W
+
eq(x, k) =
1
2
2∑
r,s=1
∫
d3p
(2π)3Ep
δ(4)(k − p)ur(p)u¯s(p) f +rs(x, p),
where k is the four-momentum and f +rs(x, p) is the spin-dependent phase-space density matrix of parti-
cles [32], which in equilibrium depends on βµ, ωµν, and ξ. A similar expression can be introduced for
antiparticles. Any Wigner function can be furthermore expressed as a linear combination of the generators
of the Clifford algebra [33, 34, 35, 36, 37, 38],
W
±(x, k) =
1
4
[
F
±(x, k) + iγ5P
±(x, k) + γµV±µ (x, k) + γ5γ
µ
A
±
µ (x, k) + Σ
µν
S
±
µν(x, k)
]
, (4)
which is a very useful expression for studying a semiclassical limit of the quantum kinetic equation,(
γµK
µ
− m
)
W(x, k) = C[W(x, k)]. (5)
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Here Kµ is the operator defined by the expression
Kµ = kµ +
i~
2
∂µ (6)
and C[W(x, k)] is the collision term. In global or local equilibrium, the collision term vanishes and one can
study only the left-hand side of (5) that should be equal to zero in this case.
At this point it is important to distinguish between the global and local equilibrium. In the case of global
equilibrium the Wigner functionW(x, k) exactly satisfies the equation(
γµK
µ
− m
)
W(x, k) = 0. (7)
From the leading and next-to-leading terms of the expansion ofW in powers of ~, one finds that ξ = const.,
ωµν = const., and ∂µβν − ∂νβµ = 0. The last equation is known as the Killing equation that (in the flat
space-time) has a solution βµ = b
0
µ + ω
0
µνx
ν with b0µ = const. and ω
0
µν = −ω
0
νµ = const. Interestingly, the
tensors ωµν and ω
0
µν = ̟µν might be different.
In the case of local equilibrium, one assumes that only specific moments of Eq. (7) vanish. This point
has been discussed in more detail in Ref. [20], where it is shown that this procedure leads to the following
equations:
∂µ j
µ
GLW
(x) = 0, ∂αT
αβ
GLW
(x) = 0, ∂λS
λ,µν
GLW
(x) = 0. (8)
This form is consistent with the general scheme of the hydrodynamics with spin discussed above, however,
the forms of the tensors appearing in Eqs. (8) are different from those used in a phenomenological approach
of Ref. [17]. As a matter of fact, these forms agree with the expressions used by de Groot, van Leeuwen,
and van Weert in Ref. [31]. This fact is stressed by the use of the GLW labels in Eqs. (8). We note that the
first numerical solutions of Eqs. (8) have been obtained recently in Ref. [39]. We also note that Eqs. (8) can
be derived from an approach where the spin is treated in a classical way [21].
4. Pseudo-gauge symmetry
It is important to emphasize that one can also use the canonical versions of the energy-momentum and
spin tensors to construct the hydrodynamic equations with spin. It turns out, that the canonical and GLW
forms are connected by a pseudo-gauge transformation. Indeed, if we introduce a tensor Φ
λ,µν
can defined by
the relation
Φ
λ,µν
can ≡ S
µ,λν
GLW
− S
ν,λµ
GLW
, (9)
one can check that
S
λ,µν
can = S
λ,µν
GLW
−Φ
λ,µν
can , T
µν
can = T
µν
GLW
+
1
2
∂λ
(
Φ
λ,µν
can + Φ
µ,νλ
can + Φ
ν,µλ
can
)
. (10)
The pseudo-gauge transformation given above is similar to the Belinfante construction but it does not elim-
inate the spin tensor which can be used to describe spin degrees of freedom.
One can check that the canonical and GLW hydrodynamic equations are the same, however, the forms
of the energy-momentum and spin tensors are different. In particular, in the canonical case the energy-
momentum tensor is not symmetric and, consequently, the divergence of the canonical spin tensor does not
vanish. The GLW version seems to be a convenient rearrangements of the terms used to define T µν and S λ,µν,
which leads to a symmetric T µν and a conserved S λ,µν. We must admit, however, that it is not clear if such a
rearrangement is possible if one goes beyond the semi-classical description discussed in this contribution.
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5. Conclusions
The results presented in this contribution describe dynamics of a perfect fluid consisting of massive
particles with spin 1/2. The main challenge for next developments is the proper inclusion of dissipation
(for example, a calculation of kinetic coefficients related to spin observables). First steps in this direction
have been made, for example, in Ref. [40, 41]. In the closest future, it would be interesting to examine
more closely the relation of the results presented in Ref. [40] to the formalism discussed herein. It is also
mandatory to study in more detail the relation between spin polarization and thermal vorticity. An effect
describing convergence of the spin polarization tensor to the thermal vorticity should be included in the
complete formalism of viscous hydrodynamics with spin.
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